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CONSTRUCTION OF UNIPOTENT GALOIS EXTENSIONS AND MASSEY 

PRODUCTS 

JAN MINAC AND NGUYfiN DUY TAN 
Dedicated to Alexander Merkurjev 

Abstract. For all primes p and for all fields, we find a sufficienf and necessary con¬ 
dition of fhe exisfence of a unipofenf Galois exfension of degree p^. The main goal of 
fhis paper is fo describe an explicif consfrucfion of such a Galois exfension over fields 
admitting such a Galois exfension. This consfrucfion is surprising in ifs simplicify and 
generalify. The problem of finding such a consfrucfion has been left open since 2003. 
Recenfly a possible solution of fhis problem gained urgency because of an efforf fo ex- 
fend new advances in Galois fheory and ifs relafions wifh Massey producfs in Galois 
cohomology. 


1. Introduction 

From the very beginning of the invention of Galois theory, one problem has emerged. 
For a given finite group G, find a Galois extension K /Q such that Gal{K/ Q) ~ G. This 
is still an open problem in spite of the great efforts of a number of mathematicians and 
substantial progress having been made with specific groups G. (See USeSL l A more gen¬ 
eral problem is fo ask the same question over other base fields F. This is a challenging 
and difficult problem even for groups G of prime power order. 

In this paper we make progress on this classical problem in Galois theory. More¬ 
over this progress fits together well with a new development relating Massey prod¬ 
ucts in Galois cohomology to basic problems in Galois theory. For all primes p and all 
fields in the key test case of n = 4, we construcf Galois exfensions with the unipotent 
Galois group lU„(Fp) assuming only the existence of some Galois exfensions of order 
p^. This fits into a program outlined in HMTII and iMT2i , for the systematic construc¬ 
tion of Galois p-closed extensions of general fields, assuming only knowledge of Galois 
extensions of degree less than or equal to p^ and the structure of pth power roots of 
unity in the base field. Thus both the methods and the results in this paper pave the 
way to a program for obfaining the structure of maximal pro-p-quotienfs of absolute 
Galois groups for all fields. We shall now describe some previous work of a number of 
mathematicians which has influenced our work, as well as its significance for further 
developments and applications. 
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(NSERC) grant R0370A01. NDT is partially supported by the National Eoundation for Science and Tech¬ 
nology Developmenf (NAEOSTED) granf 101.04-2014.34. 
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Recently there has been substantial progress in Galois cohomology which has changed 
our perspective on Galois p-extensions over general fields. In some remarkable work, 
M. Rost and V. Voevodsky proved the Bloch-Kato conjecture on the structure of Galois 
cohomology of general fields. (See IIVoelirVoe2l .') From this work it follows thaf there 
must be enough Galois extensions to make higher degree Galois cohomology decom¬ 
posable. However the explicit construction of such Galois extensions is completely 
mysterious. In IMTli , IMT2I and IMTSi , two new conjectures, the Vanishing n-Massey 
Gonjecture and the Kernel n-Unipotent Gonjecture were proposed. These conjectures 
in IMTll and iMT2l , and the results in this paper, lead to a program of construcf- 
ing these previously mysterious Galois extensions in a systematic way. In these pa¬ 
pers it is shown that the truth of these conjectures has some significant implications 
on the structure of absolute Galois groups. These conjectures are based on a num¬ 
ber of previous considerations. One motivation comes from topological considera¬ 
tions. (See IDGMSl and IHWl .l Another motivation is a program to describe various 
n-central series of absolute Galois groups as kernels of simple Galois representations. 
(See IGEMi [Efi lEMll l'EM2i |MSp[ [NQD| Ml.) If the Vanishing n-Massey Gonjecture is 
true, then by a result in ||Dwy[, we obtain a program of building up n-unipotent Galois 
representations of absolute Galois groups by induction on n. This is an attractive pro¬ 
gram because we obtain a procedure of constructing larger Galois p-extensions from 
smaller ones, efficiently using the fact that certain a priori natural cohomological ob¬ 
structions to this procedure always vanish. 

Recall that for each natural number n, 1U„ (Fp) is the group of upper triangular n x n- 
matrices with entries in Fp and diagonal entries 1. Then 03 (F 2 ) is isomorphic to the 
dihedral group of order 8 , and if p is odd, then lU 3 (Fp) is isomorphic to the Heisen¬ 
berg group Hp 3 of order p^. For all n > 4 and all primes p, we can think of lU„(Fp) as 

"higher Heisenberg groups" of order jg now recognized that these groups 

play a very special role in current Galois theory. Because lU„(Fp) is a Sylow p-subgroup 
of GL„(Fp), and every finite p-group has a faithful linear n-dimensional representation 
over Fp, for some n, we see that every finite p-group can be embedded into lU„(Fp) 
for some n. Besides, the Vanishing n-Massey Gonjecture and the Kernel n-Unipotent 
Gonjecture also indicate some deeper reasons why lU„(Fp) is of special inferesf. The 
constructions of Galois extensions with the Galois group U 3 (Fp) over fields which ad¬ 
mit them, are well-known in the case when the base field is of characteristic not p. They 
are an important basic tool in the Galois theory of p-extensions. (See for example ]JLY| 
Sections 6.5 and 6 . 6 ]. Some early papers related to these topics like |MNg| and IMI now 
belong to classical work on Galois theory.) 

In IGLMSi Section 4], a construction of Galois extensions K/F, char(f) 7 ^ 2, with 
Gal(K/f) ~ U 4 (F 2 ), was discovered. Already at that time, one reason for search¬ 
ing for this construction was the motivation to find ideas to extend deep results on 
the characterization of the fixed field of the third 2-Zassenhaus filtration of an abso- 
lufe Galois group Gp as the compositum of Galois exfensions of degree af mosf 8 (see 
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IE]V[2i IMSpL 1^), to a similar characterization of the fixed field of the fourth 2- 
Zassenhaus filtration of Gp. In retrospect, looking at this construction, one recognizes 
some elements of the basic theory of Massey products. However at that time the au¬ 
thors of UGLMSl were not familiar with Massey products. It was realized that such a 
construction would also be desirable for lU 4 (Fp) for all p rather than 1 U 4 (F 2 ), but none 
has been found until now. 

In IGLMSL in the construction of a Galois field extension K/F with Gal(fC/f) ~ 
U 4 (F 2 ), a simple criteria was used for an elemenf in F fo be a norm from a bicyclic 
extension of degree 4 modulo non-zero squares in the base field F. However in IIMeL 
A. Merkurjev showed that a straightforward generalization of this criteria for p odd 
insfead of p = 2, is not true in general. Therefore if was nof clear whether such an 
analogous construction of Galois extensions K/F with Gal(i<C/F) ~ lU 4 (Fp) was possi¬ 
ble for p odd. 

On the other hand, a new consideration in IHWl , IMTII and iMT21 led us to formu¬ 
late the Vanishing n-Massey Conjecture, and the most natural way to prove this conjec¬ 
ture for n = 3 in the key non-degenerate case would be through constructing explicit 
Galois lLJ 4 (Fp)-extensions. In fact we pursued both cohomological variants of prov¬ 
ing the Vanishing 3-Massey Conjecture and the Galois theoretic construction of Galois 
FJ 4 (F p) -extensions. 

The story of proving this conjecture and finally constructing Galois 04 (Fp)-extensions 
over all fields which admif them, is interesting. First M. J. Hopkins and K. G. Wickelgren 
in iHWl proved a result which implies that the Vanishing 3-Massey Conjecture with re¬ 
spect to prime 2, is true for all global fields of characteristic not 2. In IMTll we proved 
that the result of iHWl is valid for any field F. At the same time, in IMTll the Van¬ 
ishing n-Massey Conjecture was formulated, and applications on the structure of the 
quotients of absolute Galois groups were deduced. In iMT3l we proved that the Van¬ 
ishing 3-Massey Conjecture with respect to any prime p is true for any global field F 
containing a primitive p-th root of unify. In lEMall , I. Efrat and E. Matzri provided 
alternative proofs for the above-mentioned results in IMTll and IMT31 . In IMal , E. 
Matzri proved that for any prime p and for any field F containing a primitive p-th root 
of unity, every defined triple Massey product contains 0. This established the Vanishing 
3-Massey Conjecture in the form formulated in IMTll . Shortly after iMal appeared on 
the arXiv, two new preprints, IEMa21 and IMT5L appeared nearly simultaneously and 
independently on the arXiv as well. In IEMa21 ,1. Efrat and E. Matzri replace IMal and 
provide a cohomological approach to the proof of the main result in IMal . In IMT51 we 
also provide a cohomological method of proving the same result. We also extend the 
vanishing of friple Massey products to all fields, and thus remove the restriction that 
the base field contains a primitive p-th root of unify. We further provide applications on 
the structure of some canonical quotients of absolufe Galois groups, and also show that 
some special higher n-fold Massey products vanish. Finally in this paper we are able to 
provide a construction of the Galois lU 4 (Fp)-extension M/F for any field F which ad¬ 
mits such an extension. We use this construction to provide a natural new proof, which 
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we were seeking from the beginning of our search for a Galois theoretic proof, of the 
vanishing of triple Massey products over all fields. 

Some interesting cases of "automatic" realizations of Galois groups are known. These 
are cases when the existence of one Galois group over a given field forces the existence 
of some other Galois groups over this field. (See for example IJe} IMS2 i [MSS i [MZl iWhl .) 
However, nontrivial cases of automatic realizations coming from an actual construction 
of embedding smaller Galois extensions to larger ones, are relatively rare, and they are 
difficult to produce. In our construction we are able, from knowledge of the existence 
of two Heisenberg Galois extensions of degree over a given base field F as above, to 
find possibly another pair of Heisenberg Galois extensions whose compositum can be 
automatically embedded in a Galois 114 (Fp)-extension. (See also Remark 13^ 1 Observe 
that in all proofs of the Vanishing 3-Massey Gonjecture we currently have, constructing 
Heisenberg Galois extensions of degree p^ has played an important role. For the sake of 
a possible inductive proof of the Vanishing n-Massey Gonjecture, it seems important to 
be able to inductively construct Galois U„(Fp)-extensions. This has now been achieved 
for the induction step from n = 3 to n = 4, and it opens up a way to approach the 
Vanishing 4-Massey Gonjecture. 

Another motivation for this work which combines well with the motivation described 
above, comes from anabelian birational considerations. Very roughly in various gener¬ 
ality and precision, it was observed that small canonical quotients of absolute Galois 
groups determine surprisingly precise information about base fields, in some cases en¬ 
tire base fields up to isomorphisms. (See iBTlllBT2lICEMI[EMliIEM21 |MSp[|PopP But 
these results suggest that some small canonical quotients of an absolute Galois group 
together with knowledge of the roots of unity in the base field should determine larger 
canonical quotients of this absolute Galois group. The Vanishing n-Massey Gonjecture 
and the Kernel n-Unipotent Gonjecture, together with the program of explicit construc¬ 
tions of Galois lU„(Fp)-extensions, make this project more precise. Thus our main re¬ 
sults, Theorems 13^7113.9i 14.31 and l53l contribute to this project. 

A further potentially important application for this work is the theory of Galois p- 
extensions of global fields with restricted ramification and questions surrounding the 
Fontaine-Mazur conjecture. (See IIKol, IlLal . BMcLI , IIGall JSe2ll .) For example in PMcLl 
Section 3], there is a criterion for infinite Hilbert p-class field towers over quadratic 
imaginary number fields relying on the vanishing of certain triple Massey products. 
The explicit constructions in this paper should be useful for approaching these classical 
number theoretic problems. 

Only relatively recently, the investigations of the Galois realizability of some larger 
p-groups among families of small p-groups, appeared. (See the very interesting papers 
IMill , PMi2l , IlGSI.) In these papers the main concern is understanding cohomological 
and Brauer group obstructions for the realizability of Galois field extensions with pre¬ 
scribed Galois groups. In our paper the main concern is the explicit constructions and 
their connections with Massey products. In other recent papers HGMSl and HSchl , the 
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authors succeeded to treat the cases of characteristic equal to p or not equal to p, nearly 
uniformly. This is also the case with our paper. 

Our paper is organized as follows. In Section 2 we recall basic notions abouf norm 
residue symbols and Heisenberg extensions of degree p^. (For convenience we think 
of the dihedral group of order 8 as the Heisenberg group of order 8 .) In Section 3 we 
provide a detailed construction of Galois U 4 (Fp)-extensions beginning with two "com¬ 
patible" Heisenberg extensions of degree p^. Section 3 is divided into two subsections. 
In Subsection 3.1 we provide a construction of the required Galois extension M/F over 
any field F which contains a primitive p-th root of unity. In Subsection 3.2 we provide 
such a construction for all fields of characteristic not p, building on the results and meth¬ 
ods in Subsection 3.1. In Example 13.81 we illustrate our method on a surprisingly simple 
construction of Galois lU 4 (F 2 )-extensions over any field F with char(f) 7 ^ 2. In Section 
4 we provide a required construction for all fields of characteristic p. After the original 
and classical papers of E. Arfin and O. Schreier llASchl and E. Wiff llWil, these construc¬ 
tions seem to add new results on the construction of basic Galois extensions M/F with 
Galois groups U„(Fp), n = 3 and n = 4. These are aesthetically pleasing constructions 
with remarkable simplicity. They follow constructions in characteristic not p, but they 
are simpler. See also |JLY[ Section 5.6 and Appendix Al] for another procedure to obtain 
these Galois extensions. In Section 5 we provide a new natural Galois theoretic proof of 
the vanishing of triple Massey products over all fields in the key non-degenerate case. 
We also complete the new proof of the vanishing of triple Massey products in the case 
when a primitive p-th root of unity is contained in the base field. Finally we formulate a 
necessary and sufficient condition for the existence of a Galois U 4 (Fp)-extension M/F 
which contains an elementary p-extension of any field F (described by three linearly 
independent characters), and we summarize the main results in Theorem 15.51 


Acknowledgements: We would like to thank M. Ataei, L. Bary-Soroker, S. K. Chebolu, 
I. Efrat, H. Esnault, E. Frenkel, S. Gille, J. Gartner, P. Guillot, D. Harbater, M. J. Hop¬ 
kins, Ch. Kapulkin, I. Kfiz, J. Labute, T.-Y. Lam, Gh. Maire, E. Matzri, G. McLeman, 
D. Neftin, J. Nekovaf, R. Parimala, C. Quadrelli, M. Rogelstad, A. Schultz, R. Sujatha, 
Ng. Q. Thang, A. Topaz, K. G. Wickelgren and O. Wittenberg for having been able to 
share our enthusiasm for this relatively new subject of Massey products in Galois co¬ 
homology, and for their encouragement, support, and inspiring discussions. We are 
very grateful to the anonymous referee for his/her careful reading of our paper, and 
for providing us with insightful comments and valuable suggestions which we used to 
improve our exposition. 

Notation: If G is a group and x, 1 / G G, then [x, y] denotes the commutator xyx~^y~^. For 
any element cr of finife order n in G, we denote Nu to be the element 1 + (J + ■ ■ ■ + 
in the integral group ring Z[G] of G. 

For a field f, we denote Eg (respectively Gp) to be its separable closure (respectively its 
absolute Galois group Gal(Fs/F)). We denote F^ to be the set of non-zero elemenfs of 
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F. For a given profinite group G, we call a Galois extension E/F, a (Galois) G-extension 
if the Galois group Gal(E/f) is isomorphic to G. 

For a unital commutative ring R and an integer n > 2, we denote Un (R) as the group 
of all upper-triangular unipotent n x n-matrices with entries in R. For any (continuous) 
representation p: G —)■ U„(F) from a (profinite) group G to U„(F) (equipped with 
discrete topology ), and 1 < i < j < n, let pp: G —^ R be the composition of p with the 
projection from U„(R) to its (i,/)-coordinate. 


2. Heisenberg extensions 

The materials in this section have been taken from IIMT51 Section 3]. 

2.1. Norm residue symbols. Let f be a field containing a primitive p-th root of unity 
For any element a in , we shall write Xa for the character corresponding to a via the 
Kummermapf^ —> F[^{Gp,Z/pZ) = Hom(Gf,Zi/pZ). From now on we assume that 
a is not in (F^)P. The extension F{F/a)/F is a Galois extension with the Galois group 
(Ufl) ~ Z/pZ, where aa satisfies cra{{/a) = 

The character defines a homomorphism G Hom(Gf, ^Z/Z) C Hom(Gf,Q/Z) 
by the formula 

a" = -Xa- 

V 

Let h be any element in f ^. Then the norm residue symbol may be defined as 

{a,h) := (;^^&) := hGdx''- 

Here 5 is the coboundary homomorphism 5\ H^(G, Q/Z) — H^{G,Z) associated to 
the short exact sequence of trivial G-modules 

0 ^ Z ^ Q ^ Q/Z ^ 0. 

The cup product XaG Xb ^ H^(Gf,Z/pZ) can be interpreted as the norm residue 
symbol {a, b). More precisely, we consider the exact sequence 

0 —^ Z/pZ —^ F,^ F,^ —^ 1, 

where Z/ pZ has been identified with the group of p-th roots of unity pp via the choice 
of As {Gp, F^) = 0, we obtain 


0^H^{Gp,ZlpZ) ^ H\Gp,F,^) ^ H\Gp,F,^). 

Then one has i(xa G Xh) = G H^{Gp, F^). (See IlSell Ghapter XIV, Proposition 5].) 
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2.2. Heisenberg extensions. In this subsection we recall some basic facts about Heisen¬ 
berg extensions. (See UShal Chapter 2, Section 2.4] and |JLY] Sections 6.5 and 6.6 ].) 

Assume that a, b are elements in F^, which are linearly independent modulo (F^ )^. 
Let K = {/b). Then K/F is a Galois extension whose Galois group is generated 

by Cfl and ai,. Here o-a{{/b) = {/b, (Ta{^) = = {/a, (T\,{^Fjb) = ^F/b. 

1 X z 

We consider a map U 3 (Zi/ pZ) —> (Z/ pZ)^ which sends 


we have the following embedding problem 


1 

0 


to (x,y). Then 


Gf 

P 

0-- Z/pZ -- U3(Z/pZ)-- {Z/pZf -- 1, 


where p is the map {XarXb)'- Gf —^ Gal{K/F) ~ (Z/pZ)^. (The last isomorphism 
Gal(tC/F) ~ (Z/pZ)^ is the one which sends da to (1,0) and di, to (0,1).) 

Assume that Xa^ Xb = 0. Then the norm residue symbol {a, b) is trivial. Hence there 
exists xmF(F^a) such that = b (see IlSell Ghapter XIV, Proposition 4 (hi)]). 

We set 

P-2 

Ao = aP“Vfl(aP“2) • • • dl~^{x) = G F{F/a). 

;=0 


Lemma 2.1. Let fa be an element in F^. Let A = /uAq. Then we have 

da{A) _ Np(^)/p{x) ^ 


A 


OiP 




Proof. Observe that phe lemma then follows from the identity 


^0 
P-2 

(s-1) E(p 

i=0 


— I — 


l)s* = — ps®. 

i=0 


□ 


Proposition 2.2. Assume that Xa^ Xb = 0. Let fa be an element in F^. Let A = /aAq be 
defined as above. Then the homomorphism p := {Xa/Xb)- Gf —> Z/pZ x Z/pZ lifts to a 
Heisenberg extension p: Gp ^ U 3 (Z/pZ). 


Sketch of Proof. Let L := K{{/ A)/F. Then L/F is Galois extension. Let da G Gal(L/F) 
(resp. dij G Gal(L/F)) be an extension of da (resp. d^). Since di,{A) = A, we have 
d},{F/A) = F/~A, for some ; G Z. Hence d^{FfA) = F/A. This implies that di, is of 

order p. 

b Ffb 

On the other hand, we have (rfl(^C^)^ = da(A) = A—. Hence da(F/A) = F^F/A - , 

xP X 

for some i G Z. Then dF ( F/A) = F/A. Thus da is of order p. 
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If we set (Ta ■= [d'a,d'i,], then This implies that (Ta is of order p. 

Also one can check that 

= [^b/G'A] = 1- 

We can define an isomorphism cp: Gal(L/f) —)■ 1U3(Z/pZ) by letting 



"1 1 O' 
0 10 

,( 1 ]^ HA 

'1 0 o' 
oil 

/Ga I—> 

'1 0 1' 
0 10 


0 0 1 


0 0 1 


0 0 1 


Then the composition p: Gp —)• Gal(L/f) 1 U 3 (Z/pZ) is the desired lifting of p. 

Note that [L : f] = p^. Hence there are exactly p extensions of Ca G Gal(E/f) to the 
automorphisms in Gal(L/f) since [L : E] = p^/p^ = p. Therefore for later use, we can 
choose an extension, still denoted by Ca G Gal(E/E), of Ca G Gal(i<C/E) in such a way 

thatuA^A) = . □ 

cc 

3 . The construction of 1U4(Fp)-EXTENSIONS: the case of characteristic 7^ p 

3.1. Fields containing primitive p-th roots of unity. In this subsection we assume that 
E is a field containing a primitive p-th root ^ of unity. The following result can be 
deduced from Theorem 15.51 but for the convenience of the reader we include a proof 
here. 

Proposition 3.1. Assume that there exists a Galois extension M/F such that Gal(M/E) ~ 
U 4 (Fp). Then there exist a,b,c G E^ such that a,b,c are linearly independent modulo (F^y 
and {a,b) = {b,c) = 0. Moreover M contains F(^a, {/b, {/c). 

Proof. Let p be the composite p: Gp -» Gal(M/E) ~ lU 4 (Fp). Then pi 2 ,p 23 and P 34 are 
elements in Hom(Gf, Fp). Hence there are a, b and c in E^ such that Xa = Pi 2 > Xb = P 23 
and Xc = |034- Since p is a group homomorphism, by looking at the coboundaries of pi 3 
and P 24 / we see that 

XaGXb = XbGXc = 0 ^ H^iGp,¥p). 

This implies that {a, b) = {b, c) = 0 by BSell Ghapter XIV, Proposition 5]. 

Let <p := {Xa>Xb>Xc) ■ Gp —> (Fp)^. Then cp is surjective. By Galois correspondence, 
we have 

Gal(Es /F{f/a,Vb, {/c) ) = ker Xa H ker Xb H ker Xc = ker cp. 

This implies that Gal(E(-^fl, -^)/E) ~ (Fp)^. Hence by Kummer theory, we see 
that a, b and c are linearly independent modulo (E ^) P. Glearly, M contains F({/a, {/b, ^fc) . 

□ 

Gonversely we shall see in this section that given these necessary conditions for the 
existence of U 4 (Fp)-Galois extensions over E, as in Proposition 13.11 we can construct a 
Galois extension M/E with the Galois group isomorphic to 114 (Fp). 
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From now on we assume that we are given elements a, b and c in such that a, b and 
c are linearly independent modulo (F^ )P and that {a, b) = {b, c) = 0. We shall construct 
a Galois U 4 (Fp)-extension M/F such that M contains F{^a, (fb, {/c). 

First we note that F( {/b, /F is a Galois extension with Gal(F( {/b, Ffc) / F ) 
generated by cy,, cr\,, (Tq. Here 

= ^{/a,Cra{Vb) = Vb,0-a{{/c) = {/c} 

(Tbi^) = {/a,ab{</b) = ^<fb,(Tb{^c) = {/c; 
dciVa) = {/a,crc{{/b) = {/b,crc{{/c) =lFjc. 


Let E = F{{/a, E/c). Since {a,b) = {b,c) = 0, there are a in F{^a) and 7 in F(-^c) 
(see BSell Ghapter XIV, Proposition 4 (iii)]) such that 

Let G be the Galois group Gal(E/F). Then G = {o'a,o'c), where da ^ G (respec¬ 
tively dc G G) is the restriction of da G Gal{F(^a, {/b, {/c)/F) (respectively dc G 
Gal(F(^fl,^,^)/F)). 

Our next goal is to find an element ^ in such that the Galois closure of E{{/S) is 
our desired U 4 (Fp)-exfension of F. We define 


Co = e F{</«), 

i=0 

and define B := 7 / 0 ;. Then we have the following result, which follows from Lemma IZTl 
(see PMal Proposition 3.2] and/or HMTSi Lemma 4.2]). 


Lemma 3.2. We have 

( 1 ) 

( 2 ) □ 

Remark 3.3. We would like to informally explain the meaning of the next lemma. From 
our hypothesis {a,b) = 0 = {b,c) and from Subsection 12.21 we see that we can obtain 
two Heisenberg extensions Ei = F({/a, {/b, {/~Aq) and E 2 = F{{/b, {/c, {/Cq) of F. Here 
we have chosen specific elements Aq G F{{/a) and Go G F{^c). However we may not 
be able to embed the compositum of Ex and E 2 into our desired Galois exfension M/F 
withGal(M/F) ~ lU 4 (Fp). We know that we can modify the element Aq by any element 
/fl G F^ and the element Go by any element/c G F^ obtaining elements A = faAo and 
G = fcCo instead of Ao and Go. This new choice of elemenfs may change the fields Ex 
and E 2 but the new fields will still be Heisenberg extensions containing F(-^a, {/b) and 
F({/b, {/c) respectively. The next lemma will provide us with a suitable modification 
of Ao and Go. From the proof of Theorem 13.71 we shall see that the compositum of 
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these modified Heisenberg extensions can indeed be embedded into a Galois extension 
M /F with Gal(M/F) ~ lU 4 (Fp). This explains our comment in the introduction in the 
paragraph related to the "automatic realization of Galois groups". 


Lemma 3.4. Assume that there exist C\, C 2 G such that 

Gj(Ci) C 2 


B = 


Cl (rc{C2)' 


Then Na-,{Ci) / Aq and Na„(C 2 )/Co are in F^. Moreover, if we let A = Na,(C-i) G F{F/a)' 
and C = N( 7 „(C 2 ) G F{Ffc)^, then there exists ^ G E^ such that 


Gc(^) 

S 

O-a(d) 


= Aq ^ 


- = cc. 


Proof. By Lemma we have 
Gfl(Ao) 

Ao 

This implies that 


= NaAB) = Na, 


C 2 


N.ACi) 

Ao 


= Va 


Gc(C 2 ) 

NaACl) 

Ao 


CraiNaACl)) 

N.,(Ci) 


Hence 


G F{f/c)^ nF{i/a)^ = E' 
Ao 


By Lemma we have 
Gc(Co) 


Co 

This implies that 

Hence 


= (Jo) 


<^c(C2)l gc(N»-.(C2)) 

Nt.(C 2 ) 


N^ACl] 

Co 


= O-C 


N..{C2) \ 
Co )' 


tFAF g nF{^)"‘ = F"^. 

Co 


Glearly, one has 


N.SCC^’’) = 1. 
N^rXAC;’’) = 1. 
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We also have 




cc/ 


Aq ^ 


(TciCC^ 


Cfl(A) / (rfl(Ci) \ 


A 


C 


Cl J ac{C) \(rc{C2) 


Cl 


b 'yP 

—4-B-p 

aP b 


= 1 . 


Hence, we have 


(TaiAC^ _ (TciCC^ 


AC^ ^ 


CC/ 


From MCol page 756] we see that there exists S ^ such that 


(Pc{b) 

5 


= ACi ^ 


= cc: 


as desired. 


□ 


Remark 3.5. The result of I. G. Connell which we use in the above proof, is a variant of 
Hilberf's Theorem 90. This resulf was independenfly discovered by S. Amifsur and D. 
Salfman in BAS! Lemma 2.4]. (See also IIDMSSl Theorem 2] for the case p = 2.) 


Lemma 3.6. There exists e G such that B = 
the following statements are true. 


(TaO-cie) 


. Furthermore, for such an element e 


O'aiCi) Cl 


{Vj If we set C\ := ac{e) C , Cl := e ^^E^,thenB = 

Cl crc{Ci) 

(2) If we set Ci := e G E^, Ci := {eB)o'c{eB) • • • of ^{cB) G E^,then B = — tttt- 

Cl o-c{Ci) 


Proof We have 


IDI _ ^craO-c{<^) _ ^ i 

Bi(Taac\B) — — — - — 1. 




^CTaO-cil) ^crdl) ^ 

Hence by Hilbert's Theorem 90, there exists e G E^ such that B = 

e 

(1) Clearly, we have 

Gfl(Ci) Cl _ Gfl(Gc(e)) _ GflGc(e) 


Cl Gc(C 2 ) 


o-rie) o-rie 


-V 


= B. 
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(2) From B = see that eB = (Ta(rc{e). Hence erf ^{eB) = o'a{e). Therefore 

^ _ (Taie) eB _ aa{Ci) C 2 ^ 

e (rr\eB) Cl (rc(C2)' 

Theorems.?. Let the notation and assumption be as in Lemma \3.4\ Let M := E{{/d, {/A, LfC, {/b). 
Then M/F is a Galois extension, M contains F(^a, Lfb, Lfc\ and Gal(M/f) ~ U 4 (Fp). 

Proof. Let W* be the Fp-vector space inE^ /(E^y generated by [b]E, [A]e, [C]£ and [d]E. 

Here for any 0 7 ^ x in a field L, we denote [x]e the image ofxinL^/(L^)P. Since 


( 1 ) 

add) = MG^ ^ 

(by Lemma |3 .4]), 

( 2 ) 

aaiS) = dCCf^ 

(by Lemma |3.4l). 

(3) 


(by Lemma I 2 JJ), 

(4) 

= cF 

(by Lemma l2jj. 


we see that IV* is in fact an Fp[G]-module. Hence M/F is a Galois extension by Kum- 
mer theory 

Claim: dimFp(W*) = 4. Hence [L : f ] = [L : E] [E : F] = ^ ^6 

Proof of Claim: From our hypothesis that dimj:^{[a]p, [b]E, [c]f) = 3, we see that {[b]E) — 

Fp. 

Glearly, ([&]e) C (W*)*^. From (O one gets the relation 

MAfp = [A]E[b]E. 

This implies that [A]e is not in (W*)*^. Hence dim^p ([&]£, [A]e) = 2. 

From (lU one gets the relation 

Wc{C)]e = [C]E[b]E- 

This implies that [C]£ is not in (W*)‘^G But we have ([&]£, [A]£) C (W*)‘^G Hence 

dirnFp([&]£/ [^]e, [C]£) = 3. 

Observe that the element (Ua — l)(c7'c — 1) armihilates the Fp[G]-module ([&]£, [A]e, [C]e), 
while by dH) and ^ one has 

i^lE 

Therefore one has 


dimiFpW* = dim]Fp([&]E, [A]£, [C]e,[S]e) =4. 
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Let = F{i/a, VA, {/b) and = F{{/F, FfC, Vb). Let 

N := = f ( ^c, </b, </A, = E{</b, </A, Vc). 

Then N/F is a Galois extension of degree p^. This is because Gal(N/E) is dual to the 
Fp [G]-submodule ([&]£, [A] £, [C] e ) via Kummer theory, and the proof of the claim above 
shows that dimp^ ([&]£, [A]e, [Cjf) = 3. We have the following commutative diagram 

Gal(N/F)--Gal(H«'VF) 


Gal(H^'VF) — ^Ga\(F{Vb)/F). 


So we have a homomorphism p from Gal(N/F) to the pull-back Gal(H^'‘^/F) x LL)/f) 
Gal(H«'VF): 

,:Gal(N/f) ^Gal(H^7f) XGal(F(W)/F)G=>l(H“'VF), 

which make the obvious diagram commute. We claim that p is injective. Indeed, let cr 
be an element in kerp. Then a \^a,b= 1 in Gal(H®'^/F), and a \^b,c= 1 in Gal(H^'‘^/F). 
Since N is the compositum of and this implies that c = 1, as desired. 

Since |Gal(H^'‘^/F) Gal(H'*'^/F)| = = |Gal(N/F)|, we see that i/ 

is actually an isomorphism. As in the proof of Proposition 12.21 we can choose an ex¬ 
tension Ca G Gal(H'^'^/F) of Cfl G Ga[{F{^a, {/b)/F) (more precisely, of ^^G 

Gal(F(^fl, {/b)/F)) in such a way that 

a„«/A) = VjFl. 

a 

Since the square commutative diagram above is a pull-back, we can choose an extension 
Gfl G Gal(N/F) of (Ta G Gal(H®'^/F) in such a way that 

Gfl \E[b,c= 1. 

Now we can choose any extension aa G Gal(M/F) of Ca G Gal(N/F). Then we have 


o'a{V~A) = Va^^ andCfl 




= 1 . 


Similarly, we can choose an extension dc G Gal(M/F) of dc G Gal(F('^&, {/c)/F) in 
such a way that 

p/T 

dc(Vc) = {/c—, andUc |£f«,fc= 1- 
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We define (Ti, G Gal(M/E) to be the element which is dual to [b]E via Kummer theory. 
In other words, we require that 

cri,{Vb) = 

and (Ti, acts trivially on {/~A, {/C and {/b. We consider Ci, as an element in Gal(M/f), 
then it is clear that O';;, is an extension of Ui, G Gal(f(-^fl, {/b, {/c)/F). LetW = Gal(M/E), 
and let H = Gal(M/E), then we have the following exact sequence 

By Kummer theory, it follows that W is dual to W*, and hence W ~ (Z/pZ)^. In 
particular, we have |Ef| = p^. 

Recall that from fBDi Theorem 1], we know that the group U 4 (Fp) has a presentation 
with generators 81 , 82,53 subject to the following relations 



[S1,S3] = 1, 

(R) [Sl, [si,52]] = [ 52 , [si,52]] = 1, 

[S2, [S2,S3]] = [S3, [S2,S3]] = 1, 

[[S1,S2], [S2,S3]] = 1. 

Note that |Gal(M/f)| = p^. So in order to show that Gal(M/E) ~ lLJ 4 (Fp), we shall 
show that Gfl, aj, and cy generate Gal(M/E) and that they satisfy these above relations. 

Claim: The elements Ga, U;, and Gc generate Gal(M/E). 

Proof of Claim: Let K be the maximal p-elementary subextension of M. Note that Gal(M/E) 
is a p-group. So in order to show that G^, ai, and Gc generate Gal(M/f), we only need to 
show that (the restrictions of) these elements generate Gal(K/E) by the Burnside basis 
theorem. (See e.g. HHal Theorem 12.2.1] or MKol Theorem 4.10].) We shall now determine 
the field K. By Kummer theory, K = P[F/ A), where A = (f ^ fi M^^)/(F^ )P. Let [f]p 
be any element in A, where / G E^ n (M^)P C E^ D [M'^Y. By Kummer theory, one 
has W* = (E^ n {M^Y) /{E^Y- Hence we can write 

ifk = miAmc]‘pib]‘i, 

where es,eA,ec,eb e Z. By applying (ry, - l)(uc - 1) on [/]£ we get [1]e = lb]\‘. (See 
the proof of the first claim of this proof.) Thus is divisible by p, and one has 

ifk = Di£-’ici'/[i>iy 

By applying Gq — 1 on both sides of this equation, we get [1] £ = [b] Y ■ Thus is divisible 
by p. Similarly, cq is also divisible by p. Hence / = b^^^P for some e G E. Since b and / 
are in f, is in E^ n [E^Y [e^]p is in {[a]p, [c]f). Therefore [f]p is in {[a]p, [b]p, [c]f) 
and 


A = {[a]p, [b]p, [c]f). 
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So K = f (^, {/b, {/c). Then it is clear that (Ta,(Ti, and dc generate Gal(i<C/f) and the 
claim follows. 

Claim: The order of dais p. 

Proof of Claim: As in the proof of Proposition 12.21 we see that da {{/ A) = {/~A. 

Since da{S) = 3 CC 2 ^ (equation (|2])), one has da{Vb) = for some i G Z. 

This implies that 

= ^'da{VS)da{</C)da{C2)~^ 

= f^</S{VC)^Cf^da{C2)-K 

Inductively, we obtain 

d!{</S) = ^P^<^i</C)PNa,iC2)-^ 

= ^(C)N,„(C2)-' 

= Vs. 

Therefore, we can conclude that da = 1, and da is of order p. 

Claim: The order of di, is p. 

Proof of Claim: This is clear because djj acts trivially on V~A, VC, 5, E and di,(Vb) = ^ Vb. 
Claim: The order of Cc is p. 

Proof of Claim: As in the proof of Proposition 12.21 we see that d^VC) = VC. 

Since dc(S) = SAC.^ ^ (equation ([T])), one has dc{VS) = VVSVACf^ for some j G Z. 
This implies that 

= V^c{Vs)dc(VA)dc{Ci)~'^ 

= V’Vs{VA)^Cf^dc{Ci)-\ 

Inductively, we obtain 

d!iVs) = V’Vs{VA)PNcr,iCi)-'^ 

= VsiA)N,XCi)-^ 

= Vs. 


Therefore, we can conclude that dc = 1, and dc is of order p. 
Claim: lda,dcj = 1. 

Proof of Claim: It is enough to check that dadc(VS) = dcda(VS). 
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We have 

cracrc{</S)=cra{^j</sVAC:[^) 

= ^>cra{Vs)cra{{/A)cra{Ci)~'^ 

pfZ 

Oi 

= f'V^</cG4^((r,(C,)C2)“’ 
= j'+/<A</cYS— 

^ a B 

= ^^+’Vs</cVA^{Ci(rc{C2))-\ 

On the other hand, we have 

(TcO-ai^) = 0-c{^'-(/sVCC2^) 

= ^'(rc{Vs)(rc{</C)(rc{C2)~^ 

= ^‘^j</s</AC-^VC—(rc{C2)~^ 

7 

= ^^+j</3VAVC—{Cicrc{C2))-\ 
7 


Therefore, (TaO'c{{/^) = CcCai^), as desired. 

Claim: [(Ta, [(ra,o-b]] = [(Tb, [o-a,o-b]] = 1- 

Proof of Claim: Since G is abelian, it follows that [Ca, o'b] is in W. Now both Cb and [Ca, o'b] 
are in W. Hence [o'b, [crfl,(rj,]] = 1 because W is abelian. 

Now we show that [Ca, [Ca, o'b]] = 1. Since the Heisenberg group U 3 (Fp) is a nilpotent 
group of nilpotent length 2, we see that [o'a, [o'a, o'b]] =1 on and So it is enough 
to check that [o'a, [o'a, o'b]]{VS) = {[&. 

From the choice of o'b, we see that 

O-bCTai^/S) = (TaiVS) = (TaiTbi.^^)- 

Hence, [o'a, o'b] ( {/S) = {/S. Since o'a and o'b act trivially on {/C, and o'b acts trivially on E, 
we see that 


(Ta, db] ( Vc) = {/C, and [da, db] (C 2 = C 2 ^ 
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We have 

= [Cfl, at] ) [Cfl, (rb](Vs) [Cfl, at] ( Vc) [aa, Cb] (C^^) 

= (TaiVS) 

= cra[cra,crb]{V'5). 

Thus [cTa, [o-a,0-i,]](VS) = {/S, as desired. 

Claim: [c;,, [cj^Cc]] = [Uc, [Cb,(rc]] = 1. 

Proof of Claim: Since G is abelian, it follows that [Cb, dc] is in W. Now both db and [db, dc] 
are in W. Hence [db, [db, dc]] = 1 because W is abelian. 

Now we show that [dc, [db, dc]] = 1. Since the Heisenberg group lU 3 (Fp) is a nilpotent 
group of nilpotent length 2, we see that [dc, [db, dc]] =1 on and So it is enough 
to check that [dc, [db, dc]]{{/S) = {fS. 

From the choice of db, we see that 

dbdc{{/s) = dc(Vs) = dcdbiVs). 

Hence, [db, dc] (Since db and dc act trivially on {/A, and db acts trivially on E, 
we see that 

[db,dc]{{/~A) = Va, and [db,dc]{Cf^) = Cf^. 

We have 

[db,dc]dc(</^) = [db,dc]{^^{^</ACf'^) 

= kb, dc] (k) kb, dc] ( </~5) kb, dc] (V A) kb, dc] (cf k 
= 

= dc({/^) 

= dc[da,db]{VS). 

Thus [dc, kb,c^c]](k^) = as desired. 

Claim: [[da,db],[db,dc]] = 1. 

Proof of Claim: Since G is abelian, [da,db] and [db,dc] are in W. Hence [[da,db], kfe,(Tc]] = 1 
because W is abelian. 

An explicit isomorphism cp: Gal(M/f) —^ U 4 (Fp) maybe defined as 


"1 

1 

0 

o' 


'1 

0 

0 

o' 


'1 

0 

0 

o' 

0 

1 

0 

0 


0 

1 

1 

0 


0 

1 

0 

0 

0 

0 

1 

0 

, db 1 —?■ 

0 

0 

1 

0 

, dc 1 —)• 

0 

0 

1 

1 

0 

0 

0 

1 


0 

0 

0 

1 


0 

0 

0 

1 


da I—t 
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□ 


Example 3.8. Let the notation and assumption be as in Lemma l3~4l Let us consider the 


a. 


case p = 2 . In Lemma | 3 ^ we can choose e = ——. (Observe that a + 7 7^ 0 .) In fact, 

a + 7 

one can easily check that 

aM—) = . 

V + 7^ a a + 7 


( 1 ) If we choose Ci = (7'c(e) and C2 = e ^ as in Lemmapart ( 1 ), then we have 

/I = N,,{Ci) = = 


2 

0:^7 


{a + 7)(a7 + b)' 

. In fact, we have 


In Lemma we can choose 5 = e ^ = 


_ .-1 _ ^ + 7 


a 


(^c{b) 

5 

(ra{5) 


= (rc(e) ^e = aAe) ^ecrAe) = C ie) = AC 2, 


= (ra{e ^)e = e Vfl(e = Na„ie ^)C2 ^ = CC2 






—2 


Therefore 

M = F{Vb, Va, Vc, V~ 5 ) = F{Vb, 

= F{Vb, Vot+T, v/^)- 




{(X + 7) (0:7 + b)' 


{a + 7) (0:7 + b) /a + 7 


b(x 


a 


^ 'y 

( 2 ) If we choose Ci = e = —;— and C2 = eB = —;— as in Lemma 13.61 part ( 2 ), 


then we have 


a + 7 a; + 7 

A = N,,{Ci) = KJe) = 


2 

OC J 


(« + 7)(«7 + b)' 


C = N,,{C2) = N,,(eB) = 


2 


{a + ^){oi'y + b)' 


In Lemma | 3 ~^ we can choose <5 = (a + 7) In fact, we have 


cW ^ 7(^ + 7) 

b OLJ + b 

cra{b) _ Oi(a. + 7) 
b ay + b 


= 


= CC^^. 
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Therefore 

M = F{Vb, Va, Vc, Vb) = F{Vb, JJ 

ay + b ay + b 

Observe also that M is the Galois closure of E(v^) = F{^a, -y/c, ^Ja + 7 ). 

3.2. Fields of characteristic not p. Let Fq be an arbitrary field of characteristic 7 ^ p. We 
fix a primitive p-th root of unity and let f = Fq{^). Then f /Fq is a cyclic extension 
of degree d = [F : Fq]. Observe that d divides p — 1 . We choose an integer i such 
that di = 1 mod p. Let ctq be a generator of Ft := Gal(f /Fq). Then (7'o(^) = for an 
e G Z \ pZ. 

Let be elements in Hom(GFo,Fp) = H^{GFg,Fp). We assu me that 

are Fp-linearly independent and U ;^2 = X 2 G X 3 = 0. By fMTLl Lemma 2.6], the 

homomorphism (xi^Xi/Xs) ■ ^Fq (^p)^ is surjective. Let Lq be the fixed field of (Fq)® 

under the kernel of the surjection (xi/Xi/Xs)' ^Fq Then Lq/Fq is Galois 

with Gal(Fo/fo) — (Fp)^. We shall construct a Galois extension Mq/Fq such that 
Gal(Mo/fo) — U 4 (Fp) and Mq contains Lq. 

The restrictions resQp{xi),resQp{x2)A^^Gf{X3) elements in Hom(Gf,Fp). They 
are Fp-linearly independent and resGf( 3 ;i) U resGp( 3 ; 2 ) = '’'^^GriXi) U resGp(A^ 3 ) = 0. 
By Kummer theory there exist a,b,c in F^ such that resGp(3;i) = Xa, ^^^Gf{X2) = Xb^ 
resGp(A:3) = Xc- Then we have {a,b) = {b,c) = 0 in H^{GF,Fp). 

Let F = Fo(^). Then F = F{F/a, F/b, L/c), and F/f is Galois with Gal(F/f) ~ 
Gal(Fo/fo) ^ (Fp)3. 

Claim 1: L/Fq is Galois with Gal(F/fo) ~ Gal(F/fo) x Gal(F/F). 

Proof of Glaim: Since Lq/Fq and F/Fq are Galois extensions of relatively prime degrees, 
the claim follows. 


d-l 

We define 0 := i[Y^ ^ Z[H]. The group ring Z[Ft] acts on f in the obvious 

i=0 

way, and if we let H act trivially on Lq we get an action on F also. Then 0 determines a 
map 

O: F —y L, X 1 —y 0(x). 

For convenience, we shall denote x := <I>(x). 

The claim above implies that Ou = for every a G Gal(F/f). 

Claim 2 : We have d = a modulo (F^)P;b = b modulo {F^Y ,c = c modulo {F^y. 

Proof of Glaim: A similar argument as in the proof of Claim 1 shows that F{F/a)/FQ is 
Galois with Gal(f(-^fl)/fo) = Gal(f ) xGal(f/fo). Since both groups Gal(f(-^)/f) 

and Gal(f /Fq) are cyclic and of coprime orders, we see that the extension F{F/a)/FQ 
is cyclic. By Albert's result (see II Alb i pages 209-211] and HWati Section 5]), we have 
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Cqu = modulo (F^)P. Hence for all integers (a) = mod (F^)P. ThusUg = 
a mod (F^ )P. Therefore, we have 



'd-l 


£ 

'd-l 

a = 0(fl) = 

_1 

1 

= 

-1 

cs 

_ 1 


flmod {F^y. 


Similarly, we have b = b modulo {F^y,c = c modulo {F^y. 


Claim 3: For every x G L, we have = c7o(x^(^ e‘^)/vy ^ _ 

Proof of Claim: This follows from the following identity in the group ring Z[H], 

d-l 

(Go - e)( E = Go(l - e‘^) = 0 mod p. 

i=0 


By our construction of Galois U 4 (Fp)-extensions over fields containing a primitive p- 
th root of unity (see Subsection 13.11) , we have a, 7 , B,..., A, C, S such that if we let M := 
L{F/ A, {/C, -C^),thenM/F is a Galois lU 4 (Fp)-extension. We set M := L(V A, Vc, Vb). 

Claim 4: M/F is Galois with Gal(M/F) ~ lU 4 (Fp). 

Proof of Claim: Since <1> commutes with every a G Gal(L/F), this implies that M/F 
is Galois. This, together with Glaim 2, also implies that Gal(M/F) ~ U 4 (Fp) be¬ 
cause the construction of M over F is obtained in the same way as in the construction 
of M, except that we replace the data {a,b,c, 0 i,y,B,...} by their "tilde" counterparts 
{a, b,c,&,j, B,...}. 

Claim 5: M/Fq is Galois with Gal(M/Fo) ~ Gal(M/F) x Gal(F/Fo). 

Proof of Claim: By Glaim 3, we see that ctqx = x® modulo {L^y for every x in the Fp- 
vector subspace W* /{L^y generated by A, C, and <5. Hence W* is anFp[Gal(L/Fo)]- 
module. Therefore M/Fq is Galois by Kummer theory. 

We also have the following exact sequence of groups 

1 ^ Gal(M/F) ^ Gal(M/Fo) ^ Gal(F/Fo) ^ 1. 

Since |Gal(M/F)| and |Gal(F/Fo)| are coprime, the above sequence is split by Schur- 
Zassenhaus's theorem. (See HZal IV.7,Theorem 25].) The Galois group Gal(M/Fo) is 
the semidirect product of Gal(M/F) and Ft = Gal(F/Fo), with Ft acting on Gal(M/F) 
by conjugation. We need to show that this product is in fact direct, i.e., that the ac¬ 
tion of H on Gal(M/F) is trivial. Note that H has an order coprime to p, and H acts 
trivially on Gal(L/F) (see Glaim 1) which is the quotient of Gal(M/F) by its Frattini 
subgroup. Then a result of P. Hall (see BHal Theorem 12.2.2]) implies that Ft acts triv¬ 
ially on Gal(M/F). 

From the discussion above we obtain the following result. 
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Theorem 3.9. Let the notation be as above. Let Mq be the fixed field of M under the subgroup 
o/Gal(M/fo) which is isomorphic to Gal(f /Fq). Then Mq/Fq is Galois with Gal(Mo/Fo) ~ 
Gal(M/f) ~ lU 4 (Fp), and Mq contains Lq. 

Proof Glaim 5 above implies that Mq/Fq is Galois with Gal(Mo/Fo) ~ Gal(M/f) ~ 
U 4 (Fp). Since H ~ Gal(M/ Mq) acts trivially on Lq, we see that Mq contains Lq. 

LetCi := CqImq/Fz := c'fo|M q 03 := CcImo- Then( 71,02 and 03 generate Gal(Mo/Fo) ~ 
U 4 (Fp). We also have 

= 1/^1 (c-2) = 0,^1 ((73) = 0 ; 

XiicTi) = 0,X2i(r2) = l,^2(t^3) = 0; 

XsicTi) = 0,X3i(r2) = 0,X3i(r3) = 1 . 

(Note that for each i = 1, 2,3, Xi is trivial on Gal(M/ Mq), hence Xii^j) nrakes sense for 
every; = 1,2,3.) An explicit isomorphism cp: Gal(Mo/Fo) —> lU 4 (Fp) maybe defined 
as 


"l 

1 

0 

o' 


'l 

0 

0 

o' 


'1 

0 

0 

o' 

0 

1 

0 

0 


0 

1 

1 

0 


0 

1 

0 

0 

0 

0 

1 

0 

, (72 1— 

0 

0 

1 

0 

/ G's 

0 

0 

1 

1 

0 

0 

0 

1 


0 

0 

0 

1 


0 

0 

0 

1 


□ 

4. The CONSTRUCTION OF lU4(Fp)-EXTENSIONS; THE CASE OF CHARACTERISTIC p 

In this section we assume that f is of characteristic p > 0. Although by a theorem of 
Witt (see llWiI and IIKol Ghapter 9, Section 9.1]), we know that the Galois group of the 
maximal p-extension of F is a free pro-p- group, finding specific constructions of Galois 
p-extensions over F can still be challenging. The following construction of an explicit 
Galois extension M/F with Galois group U 4 (Fp) is an analogue of the construction in 
Subsection 3.1 when we assumed that a p-th root of unity is in F. However we find 
the details interesting, and therefore for the convenience of the reader, we are including 
them here. Observe that even the case of the explicit construction of Heisenberg exten¬ 
sions of degree p^ in characteristic p is of interest. In the case when F has characteristic 
not p, the constructions of Heisenberg extensions of degree p^ are now classical, impor¬ 
tant tools in Galois theory. We did not find any such constructions in the literature in 
the case of characteristic p. Nevertheless the construction in Subsection 4.2 seems to be 
simple, useful and aesthetically pleasing. What is even more surprising is that the field 
construction of Galois lU 4 (Fp)-extensions over a field F of characteristic p in Subsection 
4.3 is almost equally simple. We have to check more details to confirm the validity of this 
construction, but the construction of the required Galois extension M itself, is remark¬ 
ably simple. The possibility of choosing generators in such a straightforward marmer 
(as described in Theorem 14.31) is striking. It is interesting that the main construction in 
Section 3 carries over with necessary modifications in the case of characteristic p. 
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4.1. A brief review of Artin-Schreier theory. (For more details and the origin of this 
beautiful theory, see HASchfl .l Let f be a field of characteristic p > 0. Let p(X) = XP — X 
be the Artin-Schreier polynomial. For each a in f of characteristic p, we let 9a be a root 
of p{X) = a. We also denote [a]-p to be the image of a in f /p(f). For each subgroup 
{J of f / p{F), let f(j := F{6u '■ [u]p G U). Then the map LI i—> is a bijection between 
subgroups of f / p{F) and abelian extensions of F of exponent dividing p. There is a 
pairing 

Ga\{Fu/F) X U ^ Fp, 

defined by {a,a) = (r{6a) — 6a, which is independent of the choice of root Oa- Artin- 
Schreier theory says that this pairing is non-degenerate. 

Now assume that f/L is a finite Galois extension. The Galois group Gal(F/L) acts nat¬ 
urally on F/p(F). As an easy exercise, one can show that such an extension Fu, where 
{J is a subgroup of f / p{F), is Galois over k if and only if U is actually an Fp[Gal(f/L)]- 
module. 

4.2. Heisenberg extensions in characteristic p > 0. For each a G F,letXa G Hom(Gf,Fp) 
be the corresponding element associated with a via Artin-Schreier theory. Explicitly, Xa 
is defined by 

Xa{0-) = Cr(9a) - 9a- 

Assume that a, b are elements in F, which are linearly independent modulo p{F). Let 
K = F[9a,9i,). Then K/F is a Galois extension whose Galois group is generated by Gq 
and Gfo. Here aa(9b) = 6^, (Ta{9a) = 0^ + 1; = 9a, (rb(9b) = 9i, + l. 

We set A = h9a. Then 

Gfl(A) = A+ b, and ^^(A) = A. 

Proposition 4.1. Let the notation be as above. Let L = K{6a)- Fhen L/F is Galois whose 
Galois group is isomorphic to lU 3 (Fp). 

Proof. From cra{A) — A = b ^ p(K), and crb(A) = A, we see that g(A) — A G p(K) 
for every a G Gal(K/F). This implies that the extension L := K(9a)/F is Galois. Let 
Gfl G Gal(L/F) (resp. Pb G Gal(L/F)) be an extension of (resp. Vb). Since o'b{A) = A, 
we have Pbi^A) = 9 a + j, for some j G Fp. Hence G^ {9a) = 9a- This implies that Pb is 
of order p. 

On the other hand, we have 

p(d-a(9A)) = (^a(A) =A + b. 

Hence d'a{9A) = ^A + + L for some i G Fp. Then 

b'a {^a) = + P^b + P^ = ^A- 

This implies that Pa is also of order p. We have 

PaPbi^A) = + 9a) = i + j + 6 a + 9b, 

b'bb'a{9A) = b'b{i A 9 aP- 9b) = i + / + 0,4 + 1 + 0^. 
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We set O'A := Then 

^a(0a) = 0 a - 1 - 

This implies that is of order p and that Gal(L/ F) is generated by and ir^,. We also 
have 

^a^A = and d'h^A = ^A^b- 

We can define an isomorphism cp: Gal(L/f) —?• \J^(Z/p'Z.) by letting 


Gfl HA 

"1 1 O' 
0 10 

,d'b H-> 

'1 0 o' 
oil 

,d'A H-)^ 

'1 0 1' 
0 10 


0 0 1 


0 0 1 


0 0 1 


Note that [L : f] = p^. Hence there are exactly p extensions of (Ta G Gal(i<C/f) to the 
automorphisms in Gal(L/f) since [L : K] = p^ /p^ = p. Therefore for later use, we can 
choose an extension of (Ta G Gal{K/F), which we shall denote (Ta G Gal(L/f) with a 
slight abuse of notation, in such a way that Cai^A) = ^A + ^b- ^ 

Remark 4.2. It is interesting to compare our choices of generators A of Heisenberg ex¬ 
tensions over given bicyclic extensions in the case of characteristic p and the case when 
the base field in fact contains a primitive p-th root of unity See the proofs of Proposi¬ 
tion |2i2] and the proposition above. Although the form of A in Proposition 12.21 is more 
complicated than the strikingly simple choice above, the basic principle for the search 
of a suitable A is the same in both cases. We need to guarantee that (ra{A)/ A G {K^y 
and (Ta(A) — A G p{K) in order that K{{/A) and K{6a) are Galois over F. Further, 
in order to guarantee that Gq and ai, will not commute, we want o'a{A)/A = bkP, for 
some k ^ , where ai, acts trivially on k. Similarly in the characteristic p case we want 

(Ja{A) — A = b + p{k), where (Ji,{k) = k. If char(f) = p, then this is always possible in a 
simple way above with k even being 0. (See also | |JLY[ Appendix A.l, Example], where 
the authors discuss a construction of quaternion Qg-extensions over fields of charac¬ 
teristic 2.) In the case when F contains a primitive p-th root of unity, the search for a 
suitable A leads to the norm condition Np(^^yp{ix) = b. For some related considera¬ 
tions see IIMSli Section 2]. 

4.3. Construction of Galois U 4 (Fp)-extensions. We assume that we are given elements 
a, b and c in f such that a, b and c are linearly independent modulo p{F). We shall con¬ 
struct a Galois U 4 (Fp)-extension M/f such that M contains F{6a, 0^, 0c). 

First we note that F[6a, 6\,, 6c) /f is a Galois extension with Gal(f [6a, 6\,,6c)/F) gener¬ 
ated by (Ta, cr\j, (Tq. Here 


Gfl(0fl) = 1 + 6a,(Ta[6h) = 6i„(Ta[6c) = 6^, 

(rb[0a) = 6a,(Tb[6b) = 1 + 6b,(Tb[6c) = 6c; 
(^c[0a) = 0a,(Tc[6b) = 6b,(rc[6c) = 1 + 0c. 
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Recall that A = bOa- We set C := bOc- We set 5 := {AC)/b = bOaOc G E := F{9a,0c)- 
Then we have 

aa{5) - 5 = bcra{9a)cra{9c) - b9a9c = b[cra{9a) - 9a]9c = b9c = C, 
ac{5) - 5 = bac{9a)o-c{9c) - b9a9c = b9a[o-c{9c) - 9c] = b9a = A. 

Finally set G := Gal(E/f). 

Theorem 4.3. Let M := E(9^,9 a,9c,9i,). Then M/F is a Galois extension, M contains 
F{9a,9i„9c),andGal{M/F) ~ U 4 (Fp). 

Proof. Let W* be the Fp-vector space in E/p(E) generated by [&]e, [A]e, [C]e and [^]e- 
Since 

G:(^) = b + A, 

O'aib) = ^ + C, 
o-a{A) = A + b, 

(TciC) = C + b, 

we see that W* is in fact an Fp[G]-module. Hence M/E is a Galois extension by Artin- 
Schreier theory 

Claim: dim]Fp(W*) = 4. Hence [E : E] = [E : E] [E : f ] = = p^. 

Proof of Claim: From our hypothesis that dimj:^{[a]p, [b]p, [c]e) = 3, we see that {[b]p) ~ 

Fp. 

Glearly, {[b]p) C (W*)*^. From the relation 

[cra{A)]p = [A]p + [b]p, 

we see that [A]e is not in (W*)*^. Hence dimp;^{[b]p, [A]p) = 2. 

From the relation 

[(rc{C)]p = [C]p + [b]p, 

we see that [G]e is not in (W*)^^^ But we have {[b]p, [A]p) C (W*)^^^ Hence 

dh^Wp{[b]E>[^]Ef[C]p) =3. 

Observe that the element (Uq — 1){o'c — 1) aimihilates the Fp[G]-module {[b]p, [A]p, [C]p), 
while 

(Ufl - l)((rc - 1 )[^]e = (A([A]e) - [A]e = [b]p, 

we see that 

dimpp W* = dimpp([&]E, [A]e, [G]e, [^]e) = 4. 


Let = F{9a,9A,9^) and = F{9c,9c,9i,). Let 

N := = F{9a,9c,9b,9A.9c) = E{9^,9 a,9c). 
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Then N/f is a Galois extension of degree This is because Gal(N/E) is dual to the 
Fp[G]-submodule ([&]£, [A]e, [C]^) via Artin-Schreier theory, and the proof of the claim 
above shows that dim^p([&]£, [A]e, [C]£) = 3. We have the following commutative dia¬ 
gram 

Gal(N/f)- >^Ga[{m^/F) 


Gal(H^'Vf) —-Gal(f( 02 ,)/f). 

So we have a homomorphism p from Gal(N/f) to the pull-back Gal(H^'‘^/f) x Gai(F(06)/£) 

Gal(H«'Vf): 

tl: Gal{N/F) ^ Gal(H‘’-‘/F) Xc^HF(ii,)/r)GaVH‘-'’/F), 

which make the obvious diagram commute. We claim that p is injective. Indeed, let cr 
be an element in kerp. Then a \^a,b= 1 in Gal(H'^'^/f), and a \Hb,c= linGal(H^'Vf). 
Since N is the compositum of H'^'^ and this implies that c = 1, as desired. 

Since |Gal(H^'‘^/f) XGsii{F{ei,)/F) /F)\ = = |Gal(N/f)|, we see that p is 

actually an isomorphism. As in the proof of Proposition 14.11 we can choose an extension 
(Ta G Gal(H®'^/F) ofCfl G Ga[{F(9a,di,)/F) in such a way that 

^ai^A) = + ^b- 

Since the square commutative diagram above is a pull-back, we can choose an extension 
(Ta G Gal(N/f) of (la G Gal(H'^'^/f) in such a way that 

Cfl |£fb,c= 1- 

Now we can choose any extension (Ta G Gal(M/f) of (Ta G Gal(N/f). Then we have 

Gfl(0A) =0A + 0b and (Ta \Hb,c= 1- 

Similarly, we can choose an extension Cc G Gal(M/f) of Cc G Gal{F{6b,6c)/F) in 
such a way that 

Gc(0c) = and Cc \Ha,b= 1. 

We define Cj, G Gal(M/£) to be the element which is dual to [b]E via Artin-Schreier 
theory. In other words, we require that 

= 1 + 

and (Tb acts trivially on 0 ^^, Qq and We consider db as an element in Gal(M/f ), then 
it is clear that db is an extension of db G Gal(F (9a, 9b, 9c) /F). Let W = Gal(M/£), and 
let H = Gal(M/f), then we have the following exact sequence 

By Artin-Schreier theory, it follows that W is dual to W*, and hence W ~ (Z/pZ)^. In 
particular, we have |£f| = p^. 
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Recall that from [IBDi Theorem 1], we know that the group lU 4 (Fp) has a presenta¬ 
tion with generators Si, S 2 , S 3 subject to the relations (jR) displayed in the proof of The¬ 
orem [321 Note that |Gal(M/f)| = p^. So in order to show that Gal(M/F) ~ U 4 (Fp), 
we shall show that (Ta, Ct arid Uc generate Gal(M/f) and they satisfy these relations ©• 
The proofs of the following claims are similar to the proofs of analogous claims in the 
proof of Theorem 13.71 Therefore we shall omit them. 


Claim: The elements (Ta, Ui, and Cc generate Gal(M/f). 

Claim: The order of Ca is p. 

Claim: The order of (Xi, is p. 

Claim: The order of (Tc is p. 

Claim: [(Ta,(Tc] = 1. 

Claim: [cxa, [cTa,cxi,]] = [(ri„[aa,o-i,]] = 1. 

Claim: [(ri,, [ufo, Uc] ] = [cTc, [ufo, Uc] ] = 1. 

Claim: [[o-a,o-b],[o-b,o-c]] = 1. 

An explicit isomorphism cp: Gal(M/f) — 7 ^ U 4 (Fp) maybe defined as 


"1 

1 

0 

o' 


'l 

0 

0 

o' 


'1 

0 

0 

o' 

0 

1 

0 

0 


0 

1 

1 

0 


0 

1 

0 

0 

0 

0 

1 

0 

, db HA 

0 

0 

1 

0 

/ Cc HA 

0 

0 

1 

1 

0 

0 

0 

1 


0 

0 

0 

1 


0 

0 

0 

1 


□ 


5. Triple Massey products 

Let G be a profinite group and p a prime number. We consider the finite field Fp 
as a trivial discrete G-module. Let C* = (G*(G,Fp),9, U) be the differential graded 
algebra of inhomogeneous continuous cochains of G with coefficients in Fp (see UNSWi 
Ch. I, §2] and HMTII Section 3]). For each i = 0,1/2,..., we write H'(G, Fp) for the 
corresponding cohomology group. We denote by Z^(G,Fp) the subgroup of G^(G,Fp) 
consisting of all 1-cocycles. Because we use trivial action on the coefficients Fp, we have 
Z^(G,Fp) = H^(G,Fp) = Hom(G,Fp). Let x,i/,z be elements in H^(G,Fp). Assume 
that 

xUi/ = i/Uz = 0g H^(G,Fp). 

In this case we say that the triple Massey product {x,y,z) is defined. Then there exist 
cochains ai 2 and ^23 in G^(G,Fp) such that 


9^12 = xUy and 9^23 = y Uz. 
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in C^(G,Fp). Then we say that D := {x,y,z,a\2,a23} is a defining system for the triple 
Massey product {x,y,z). Observe that 

d{x U fl23 + ^12 U z) = dx U a23 — X U 9^23 + ^<^12 U Z — fli2 U 9 z 

= 0 U fl23 — ^ U (y U z) + (x U y) U z — fli2 U 0 
= 0 G C 2 (G,Fp). 

Therefore x U ^23 + i^i2 U z is a 2 -cocycle. We define the value {x,y,z)D of the triple 
Massey product (x, y, z) with respect to the defining system D to be the cohomology 
class [x U ^23 + 1^12 U z] in H^(G,Fp). The set of all values (x,y,z)D when D runs over 
the set of all defining systems, is called the triple Massey product (x,y,z) C H 2 (G,Fp). 
Note that we always have 

(x,y,z) = (x,y,z)D + x U H^(G,Fp) H^(G,Fp) Uz. 

We also have the following result. 

Lemma 5 . 1 . If the triple Massey products (x, y, z) and (x, y', z) are defined, then the triple 
Massey product (x, y -|- y', z) is defined, and 

{x,y + y',z) = {x,y,z) + (x,y',z). 

Proof Let {x,y,z,fli 2 ,ii 23 } (respectively {x,y',z,fl'^2/^23})^® (^/!//Z) 

(respectively {x,y',z)). Then{x,y -|- y',z,ai2 + i^'i2r‘^i3 + ^23} ^ defining system for 

(x, y y', z). We also have 

{x,y,z) -P {x,y',z) =[x U ^23 + fli2 U z] x U H^(G, Fp) H^(G,Fp) U z 

-|- [x U ^23 T 1^12 U z] -|- X U (G, Fp) -|- (G, Fp) U z 

= [x U (ii23 T ^23) (^12 T ^12) G z] -|- X U (G, Fp) -|- (G, Fp) U z 

= (x,y + y',z), 

as desired. □ 

The following lemma is a special case of a well-known fact (see ||F^ Lemma 6 . 2.4 (ii)]) 
but for the sake of convenience we provide its proof. 

Lemma 5 . 2 . If the triple Massey product {x,y,z)is defined, then for any A G Fp the triple 
Massey product (x. Ay, z) is defined, and 

{x,ky,z) P A(x,y,z). 

Proof Let D = {x,y,z,ai2,a23} be any defining sysfem for {x,y,z). Clearly D' := 
{x, Ay, z, Aai2, Aa23} is a defining system for (x. Ay, z), and 

k{x,y,z)D = A[x U ^23 + 1^12 U z] = [x U (Afl23) + (Aai2) U z] = {x,ky,z)]ji. 

Therefore k{x,y,z) C (x. Ay,z). □ 
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A direct consequence of Theorems 13.7113.91 and 14.31 is the following result which 
roughly says that every "non-degenerate" triple Massey product vanishes whenever it 
is defined. 


Proposition 5.3. Let F be an arbitrary field. Let elements in Hom(GF, F^). We 

assume that xi, Xi, X3 Vp-linearly indeyendent. If the triple Massey product {xi> Xi> Xs) 
defined, then it contains 0. 


Proof Let L be the fixed field of (f)® under the kernel of the surjection {xi, X2> As) • Gp —t 
(Fp)^- Then Theorems 13.7113.91 and 14.31 imply that L/F can be embedded in a Galois 
U 4 (Fp)-extension M/ F. Moreover there exist Ui, 02,03 in Gal(M/ F) such that they gen¬ 
erate Gal(M/f), and 

Ai(^^i) = 1 /Ai(^^2) = 0 , xi (( 7 - 3 ) = 0; 

X2((^i) = 0,X2((^2) = hX2((2'3) = 0; 

X3((^l) = 0,X3((2'2) = 0,X3((2'3) = 1 - 

(Note that for each i = 1,2,3, Xi is trivial on Gal(M/Mo), hence Xii^j) makes sense for 
every; = 1,2,3.) An explicit isomorphism cp: Gal(M/F) —> lU 4 (Fp) can be defined as 


"l 

1 

0 

o' 


'l 

0 

0 

o' 


'1 

0 

0 

o' 

0 

1 

0 

0 


0 

1 

1 

0 


0 

1 

0 

0 

0 

0 

1 

0 

, 02 i--> 

0 

0 

1 

0 

/ G's '“t 
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0 

1 

1 

0 

0 

0 

1 


0 

0 

0 

1 


0 

0 

0 

1 


(p 

Let p be the composite homomorphism p: Galf —> Gal(M/F) ~ lU 4 (Fp). Then one can 
check that 


Fl2 — Al/ P23 — X2, F34 — A3- 
(Since all the maps F/A 1 /A 2 /A 3 factor through Gal(M/F), it is enough to check these 


equalities on elements (T\, <J 2 , G 3 .) This implies that {—X\> ~X 2 , “As) contains 0 by ||Dwy 
Theorem 2.4]. Hence (ai/A 2 /As) also contains 0. □ 


For the sake of completeness we include the following proposition, which together 
with Proposition 15.3[ immediately yields a full new proof for a result which was first 
proved by E. Matzri UMaL Matzri's result says that defined triple Massey products van¬ 
ish over all fields containing a primitive p-th root of unity. Alternative cohomological 
proofs for Matzri's result are in iEMa21 and IIMT5I . Our new proof given in this section 
of the crucial "non-degenerate" part of this result (see Proposition 15.31) , which relies on 
explicit constructions of U 4 (Fp)-extensions, is a very natural proof because of Dwyer's 
result |Dwy| Theorem 2.4]. Observe that in iMT5l we extended this result to all fields. 


Proposition 5.4. Assume that dim]Fp([fl]f, [b]p, [c]f) < 2. Then if the triple Massey product 
(As, Ab/Ac) is defined, then it contains 0. 


Proof We can also assume that a, b and c are not in (F^)^. The case that p = 2, was 
treated in IMTll . So we shall assume that p > 2. 
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Case 1: Assume that a and c are linearly dependent modulo {F^)P. This case is con¬ 
sidered in HMTSi Proof of Theorem 4.10]. We include a proof here for the convenience of 
the reader. Let cp = {cpat, <Pbc} be a defining system for {Xa,Xb^Xc)- We have 


^b/Xc) (p) (Ta ^ ^bc~F <Pab ^ Xc) 

^^^kei Xai^bc) T '^^^kei Xa^^‘ib) (Tc) 

0 U f^^keTXai^bc) T ^^^keiXai^iib) ^ 0 

= 0 . 


Then USell Chapter XIV, Proposition 2], {Xa,Xb>Xc)cp = Xa^ Xx for some x G f This 
implies that {Xa,XbcXc) contains 0. 


Case 2: Assume that a and c are linearly independent. Then [b]p is in {[a]p, [c]f). Hence 
there exist A, ^ G Fp such that 

Xb = ^Xa + FXc- 

Then we have 

{Xa,Xb,Xc) = {Xa,^Xa,Xc) + {Xa,FXc,Xc) ^ HXa, Xa, Xc) + ViXa, Xc, Xc) ■ 

(The equality follows from Lemma |5T] and the inequality follows from Lemma 15^ 1 By 
IMT51 Theorem 5.9] (see also IIMT5i Proof of Theorem 4.10, Case 2]), {Xa,Xa,Xc) and 
(Xa, Xc, Ac) both contain 0. Hence {xa, Xb> Ac) also contains 0. □ 

Theorem 5.5. Let p be an arbitrary prime and F any field. Fhen the following statements are 
equivalent. 

(1) Fhere exist Ai/A 2 /As Hom(Gf,Fp) such that they are Wp-linearly independent, and 

i/charF 7 ^ p then U ;^2 = A 2 U ;^[:3 = 0. 

(2) Fhere exists a Galois extension M/F such that Gal(M/f) ~ U 4 (Fp). 

Moreover, assume that (1) holds, and let L be the fixed field of {Fy under the kernel of the 
surjection (ai/A 2 /As) • Gp —> (Fp)^. Fhen in (2) we can construct M/F explicitly such that 
L is embedded in M. 

If F contains a primitive p-th root of unity, then the two above conditions are also equivalent 
to the following condition. 

(3) There exist a,b,c G f ^ such that [F(^, Lfb, f/c) : F] = p^ and {a,b) = {b,c) = 0. 
IfF of characteristic p, then the two above conditions (l)-(2) are also equivalent to the following 
condition. 

(3') There exist a, b,c G F^ such that [F{6a,6i„6c) : F] = p^. 

Proof. The implication that (1) implies (2), follows from Theorems 13.7113^ and I4.3l 


Now assume that (2) holds. Let p be the composite p: Gp ^ Gal(M/f) ~ U 4 (Fp). 
Let xi ■= P 12 , A 2 := p23 and X3 ■= P 3 A- Then AI/A 2 , As are elements in Hom(Gf,Fp), 
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and (AI/A 2 /A 3 ): Gf ^ (Fp)^ is surjective. This implies that ;^^ 2 ,T 3 are Fp-linearly 
independent by PMT41 Lemma 2.6]. 

On the other hand, since |0 is a group homomorphism, we see that 

Ai U A2 = A2 U ^3 = 0. 

Therefore (1) holds. 

Now we assume that F contains a primitive p-th root of unify. Nofe fhaf for any a,b ^ 
F^ , Xa^ Xb = 0/ if and only if {a, b) = 0 (see Sub section 12.1)1 . Then (1) is equivalent to (3) 
by Kummer theory in conjunction with an observation that [F( ^a, {/b, {/c) : F] = if 
and only if Xa, Xh> Xc are Fp-linearly independenf. 

Now we assume that f of characteristic p > 0. Then (1) is equivalent to (3') by Artin- 
Schreier theory in conjunction with an observation that [F{9a,9b,0c) : F] = p^, if and 
only if XarXhr Xc are Fp-linearly independent. □ 
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